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Abstract 

We derive the width of the Higgs boson into vector bosons. General formulas 
are derived both for the on-shell decay H —* VV as well for the off-shell decays, 
H -> V*V and H -> V*V*, where V = -f,W ± ,Z°. For the off-shell decays the 
width of the decaying vector boson is properly included. The formulas are valid both 
for the Standard Model as well as for arbitrary extensions. As an example we study 
in detail the gauge-invariant effective Lagrangian models where we can have sizable 
enhancements over the Standard Model that could be observed at LEP. 



1 Introduction 



In recent years it has been established PJ with great precision (in some cases better than 
0.1%) that the interactions of the gauge bosons with the fermions are described by the 
Standard Model (SM) |2j]. However other sectors of the SM have been tested to a much 
lesser degree. In fact only now we are beginning to probe the self-interactions of the gauge 
bosons through their pair production at the Tevatron [[J and LEP [|]] and the Higgs sector, 
responsible for the symmetry breaking has not yet been tested. 

A more complicated symmetry breaking sector can introduce modifications in the couplings 
of the Higgs boson with the vector bosons. It is therefore important to have expressions 
for the decay widths of the Higgs boson into vector bosons that are valid for an arbitrary 
extension of the SM. For the region of the Higgs boson mass relevant for searches at LEP II 
and LHC it is necessary that the vector bosons in the decays can be off-shell. 

In this paper we derive the complete set of formulas for the decay widths of the Higgs boson 
in vector bosons. The formulas are valid both for the Standard Model (SM) and for any 
arbitrary extension. For the case of the decay into the and Z° the formulas are also 
valid for off-shell decays. This is important for Higgs boson masses close to the threshold of 
the production of one or two real vector bosons. Many of these results have appeared before 
in the literature |5|, || |7|, || [| ITofl , sometimes for particular cases, but we think that it will 
be very useful for the Higgs boson search at LEP and at LHC to have the general results in 
a consistent notation. 

The paper is organized as follows. In Section 2 the decays H — > VV where V = W ± , Z Q are 
calculated. The decays H — > 77 and H — > 7Z , that in the SM proceed at one-loop level, 
are reviewed in Sections 3 and 4, respectively. In Section 5 the off-shell 3-point functions 
Z* — ► H'y and 7* — > Hj are given in a consistent notation both for the SM as well as for 
any of its extensions. In Section 6 we give an example of physics Beyond de Standard Model 
(BSM) and in Section 7 a brief discussion of our results and a comparison with previous ones 
is presented. 

2 The Decays H -> VV 
2.1 The HVV Couplings 

We consider the most general couplings of the Higgs H with the and Z°. These are 
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where V = W, Z and T^ v and T^ v are the extra contributions from new physics Beyond the 
Standard Model (BSM). In general they will depend on the momenta P, k\ and k 2 , but as 
we will see, we will not need their exact expressions to get the final formulas. 



2.2 The On-Shell Decay H — > VV 

We now consider the on-shell decay H —>■ VV. To be precise we derive the expression for 
H — > W + W~ and then present a final result valid also for H — > Z°Z°. We consider the 
kinematics given in Fig. 1. 
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we can write 
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It is easy to see that the 4-momenta k\ and k 2 will only appear in the square bracket of 

Eq. (H) as the scalar products like k\ ■ k 2 , P ■ k\ and P ■ k 2 . These can all be written in terms 

of the masses and therefore there is no angular dependence in dT. Noticing also that 
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we can finally write 
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Now for the decay H —>■ Z°Z° everything is similar except that we have to divide by a factor 



of 2 because we have two identical particles in the final state. Introducing Sy 
V = W(Z), respectively, we can write both decays in a single formula 
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where A and X are given in Eq. (|6|) and Eq. ([7]). The SM part of Eq. (|I^) agrees with Eq. 



(5) of ref. [ i~0"| . The term proportional to X represents the extra contributions from physics 
beyond the SM and is in agreement with the results of ref. |J as we will explain in Section [| 
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2.3 The Off-Shell Decay H VV 



We now consider the off-shell decay H — > VV*. To be precise we derive the expression for 
H — > W + W~* — > W + fif' i and then present a final result valid for all cases. We consider 
the kinematics given in Fig. 2. 




Fig. 2 



where (/$, /'J represents one of the decay channels of the W , for instance, (e , i/ e ). Using 



the conventions of ref . |l 1[ , we can write the differential width as 
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where <i$3 is the phase space for 3 particles that we write as fTT 
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But the 2-body phase space in the rest frame of the decaying W can be written as 

d$ 2 (A i; q u q 2 ) = (2n)- 6 ^L dtt* = d^ 
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where the last equality holds for massless decaying products of the W that we will assume 
and £l\ is the solid angle of the particle with momentum qi in the rest frame of the decaying 
W. Also the 2-body phase space of the decaying H can be written as 
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Putting everything together we get 
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Neglecting the fermion masses the matrix element A4 is 
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where r< = g 2 /{AM) M w is the decay width W -> Looking at Eq. ([IS]) and Eq. (|2T|) 

we realize that the only dependence on the solid angle Q* is inside the square bracket in 
Eq. (pip . Then the integrals we have to evaluate are of the form 
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These can be easily done if we realize that in the rest frame of the decaying W the only 
4- vector available is A, . We should have then 
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Multiplying the last equation respectively with g a p and with A^A^ and noticing that 
Aj • q% = Aj ■ q 2 = 1/2 A? we get a system of equations for A and B 
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Doing the integration in fi* we get 
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If we compare Eq. (BI) with Eq. ( |2*7| ) we can write this last equation in the form 
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Next we realize that in Eq. ( |29| ) there is no dependence on the solid angle of the real W. We 
can therefore trivially perform that integration. We get 
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and finally we get for the width 
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If we sum over all the final states of the W we can substitute Tj with Y w . Eq. (^) is in 
agreement with Eq. (6) of ref. || in the zero width limit. Similar considerations apply to 
the case of the decay H — > Z° + We can summarize the final result in the formula, 



I /~JA2 T V M V 

nJ d ^\D(AfW 



T^(k,A h M H ) 



(34) 



where 



r*(k,Ai,M H ) = 6 



G F Mfj 
16W2 



A(M 2 ,A?;M 2 ) 



m^Ai-Mj,) 



/If 2 A 2 

+ 12-^ + X(k,A l ,M H ,T v ) 



(35) 



5y was defined before, X is given in Eq. (|7|) and k 2 = M- 



2.4 The OfF-Shell Decay H -> 

We now consider the off-shell decay H — > V*V*. To be precise we derive the expression for 
Jf — > W + *W~* — > (/i/'j) + U'jf'j) an d then present a final result valid for all cases. We 
consider the kinematics given in Fig. 3. 
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Fig. 3 
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where (f i7 /'J represents one of the decay channels of the W~ and (/_,-, /' •) represents one of 
the decay channels of the W + . After we have done the case H — > VV* it is very easy to do 
this case. 



The expression for the width is [|TT|j, 
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everything together we have 
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Summing over all final states we get 
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1 One might worry about the factor Sv- For the W + *W * final case there is no problem because the final 
states of the W + * are different from the final states of the W~* . Therefore 
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and 5w = 2 because of the constants we factored out. For the H — » (Z* — > i) + (Z* — > j) case one should 
be more careful. If i 7^ j than we should divide by 2 otherwise we would be double counting in the product 
(Ti + T2 + • • -)(Fi +T2 + ■ ■ ■)■ For i = j there is no double counting in the above product, but now we have 
two pairs of identical particles in the final state but we also have 2 diagrams. Then we should square the sum 
of the amplitudes and divide by 4. In general this would not give a factor of 1/2 because of the interference 
term. However the interference will be negligible because the momenta squared in the denominators cannot 
be equal to Mz in all 4 lines (of the product of the 2 diagrams) at the same time. Therefore if we neglect 
the interference we should divide also by 2 in this case. Therefore 8z = 1. 
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Figure 4: Comparison of the off-shell and on-shell formulas for H — > W + W~ . The dashed line 
corresponds to the on-shell formula Eq. (|l^), the dotted line to the case that only one W is off- 
shell Eq. (31), and the solid line corresponds to the case where both W's are off-shell Eq. ([43|). For 
comparison is also shown Eq. (6) of ref. ||. 



This result is in agreement with || [IIJ, except for the value of 5z- One should mention that 
formulas for off-shell decays of the type of Eqs. (0) and (fl4|) for other decays are known in 



the literature |L5 



2.5 A comparison of the various formulas 

Perhaps it is useful to indicate the domain of validity of the various formulas for the widths. 
This will depend on the value of the Higgs boson mass. In Figure ^ we plot the various 
formulas for the case of H — > W + W~ . From this figure it is clear that the proper way 
to calculate the width below the two W's threshold is to use Eq. ([43]) with the two W's 
off-shell. The two integrations in Eq. ( f4"3"D automatically take care of the fact that either 
one of the W's can be close to be on-shell. In Eq. (6) of ref. this is done by adding the 
two possibilities, but as the width is neglected the formula is only good below the threshold. 
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3 The Decay H -> 

Due to the electromagnetic gauge invariance the most general expression for the coupling 
H'-fZ is 
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where A(q 2 , M#) is a dimensionless form factor that depends only in the mass of the H and 
on the square of the momentum of the Z (if the Z is on- shell then q 2 = Mf ). In the SM 
the lowest contribution to A is at the 1-loop level. If we are considering physics Beyond the 
Standard Model (BSM) then we should have 
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where Qf is the charge, in units of \e\, of the fermion / in the loop, and gy = 1/2T^ — 
Qf sin 2 The explicit form of the functions J\ and J 2 can be found in Appendix B. In the 
following we will use this general coupling to evaluate both the on-shell and the off-shell 
decays of the Higgs boson. 



2 Our convention here for the coupling, Eq. (^7j) is as in ref. |3|. It differs from our previous convention, 
ref. [13], by a factor of —1/ sm6w- Our conventions are explained in Appendix A. 
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3.1 The On-Shell Decay H -> 7Z 

The differential width is, like before (see Eq. (|J)) 
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This result is in agreement for the SM with refs. R 12 1 but it differs by a factor of two from 



ref. |§ that claims to have the same definition of A as we and ref. || do. 
3.2 The Off-Shell Decay H -> 7Z* 

We consider for definiteness the the decay H — ► 7/i/j as represented in Fig. 6 



Fig. 6 

The differential width can be written as in Eq. (IS) 
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where the matrix element M. is (we again neglect the fermion masses 



(59) 
and 

A = qi + q 2 (60) 

Our conventions for the couplings of the Z to the fermion / are given in Appendix A. The 
sum over polarizations and spins of the matrix element squared gives now 
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Using now Eq. (]25|) to perform the integration over the solid angle in the center of mass 
frame of the decaying Z we get 
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Summing over all the final states we obtain finally 
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is the decay into an off-shell Z and gives back Eq. fl5"T|) when A 2 = M§ 
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4 The decay H — ► 77 

For completeness we also give the general formula for this decay. Due to the electromagnetic 
gauge invariance the most general expression for the coupling^ if 7*7 is 




(fiV k-q - k v q^) I(q 2 , M H ) 



Fig. 7 



where, as before, 



I — Ism + Ibsm 

The Standard Model contribution is given by || |6|, [12 1 
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Using the above coupling and comparing with the case H —> jZ, Eqs. fl52|), ( |53| ) c 
straightforward to obtain 
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in agreement with refs. || jS|. 



5 The 3-point functions Z* —> and 7* —> #7 

For some applications it is also important to know the related off-shell 3-point functions 
Z* — > H'j and 7* — > Hj. For completeness we collect them here. 

3 We are assuming that only one photon is off-shell because this is case of interest. 
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5.1 The Z* — »■ Hq> 3-point function 

We use the results of refs. |12, [13| . The amplitude can be written as 4 



iM = i<? z {q)£(k) ( 16 ^ 9 M ) (9,uk-q-Kq,) A(q 2 ,M H ) (73) 

where 

A = Asm + A BSM (74) 

The standard model dimensionless amplitude Asm is given by Eq. ( fi9|) . The sign difference 
between Eq. ( |4TS| ) and Eq. ( [75[ ) is due to the fact that in the first one q is an outgoing 
momentum and in the last one is incoming. 

5.2 The 7* — ► 3— point function 

Again using ref. [12] we have 



iM — —i e» A {q) e» A {k) k-q- Kq,) I(q 2 , M H ) (75) 

where 

I — Ism + Ibsm (76) 
The standard model dimensionless amplitude Ism is given by Eq. (|69|). 



5.3 An Effective Lagrangian for the SM Couplings 

We can write an effective Lagrangian that reproduces the couplings given in Eqs. ([IT]), (pTD, 
([73]), (|75|) . This is specially useful if we want to add new physics, in addition to the SM, as 
we will show in the next section. We get 

£ eff = -\ A, U A^H Ism + \ A, U Z^H Asm (77) 

where we have defined 

= d fl A u - d u A f , ; = d^Z v - d u Z /1 (78) 

and 

g ^ 

^ SM = Ta 2A* IsM(q ,M H ) 
lb7T z M\Y 



'Notice that our conventions here differ by a factor — l/sin#ty with respect to ref. ml 
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2 

Asm = * 2 9 M A SM {q\M H ) (79) 

The effective Lagrangian, Eq. (|77|), is valid for the case of one on-shell photon, the other 
photon (or Z°) can be either on-shell or off-shell. Asm and Ism are given in Eqs. (^) and 



6 An example of extension of the SM 

A possible enhancement of the production and decay rates of the Higgs boson can be origi- 
nated by an anomalous couplings of the Higgs boson to the vector bosons. These interactions 
can be described in terms of an effective dimension-six term in the interaction Lagrangian 
density 

A// = E ^O, (80) 

1=1 

where the Oi are the operators which represent the anomalous couplings, A is the typical 
energy scale of the interaction and /j are the constants which define the strength of each 
term 0,§. 

The anomalous couplings Hjj, HZZ, HZ'y and HWW follow from the effective Lagrangian 
(|TJ) and can be written in the unitary gauge 0, || as, 



rHVV _ n m W 

^eff - 9-^- 



s 2 (f BB + fww - Jew) h ^ ^ ^H3l1^hz Z^ 
2 M1/ g 2 c 2 M 



c 2 fw + s 2 f B z Zll , qv H , s 4 f BB + c 4 f W \v + s 2 c 2 f B w HZ ZPL v 
2c 2 ^ u 2c 2 ^ v 

+ < fw ~ fB) A^(d»H) + S(2s2fBB ~ + ~ s2)fBw) HA^ 



(81) 

where X^ u = d^X u — d u X^ with X = A, Z, W, and s(c) = sin6 l vi/(cos6'iy), respectively. 



Both ffci and f B w are already severely constrained by precise measurements at low energy 
experiments, once they contribute to the Z° mass and to the B — W 3 mixing, respectively. 
In what follows these parameters will be assumed to be zero. Under this assumption, both 
HWW and HZZ have the same tensorial structure. With the convention H(pn) — * V^(p\) + 
V v (j>2) for the momenta, we have: 



Ty EE ~A V 



V\fu ~ (pi-PH)g vti + Vh& ~ (P2.p H )g u « + By p\p» - ( Pl .p 2 )g^ (82) 
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(V = Z, W), where : 



A w = 

B w = 

A z = 

B z = 



_lfw 
2 A 2 
_ fww_ 

A 2 

1 / /s • 2 a i fw 2n\ 

~2^A2 Sm w A2" COS w ' 

n/ fBB . 4fl ,/Vw 4/1 

Sill 6^ H — COS 



v A 2 vv ' A 2 
The value of Xy(pi,P2, Mh,T v ) as defined in Eq. (|7J) is, thus, given by: 



(83) 



X 



v 



4 A 



4 



-6 



(P1-P2) P1P2 



+A 2 



V 



2 2 , (Pi+pIXw I - {Ml - {p\ + p\) 

VlP2 "T 



AM 2 H 



{M% - (pi - p 2 2 ) 2 )(4plp 2 2 + Ml{p\ + pi) - (pj + plY) 



+A V B X 



AMfj 

2 pIpI(m 2 h -(pI+pI)) + plpl((pl - plf - Ml{p\ + pi)) 



Ml 



Ml 



p\p\ 

2Ml 



(84) 



This expression can then be used in Eqs. flI2|), ( 511 ) and ( El ) to evaluate the decay widths. 
We have verified that if we use Eq. ( [S4]) with the definitions of Eq. (|83|) into Eq. (|r2|) for the 
decay into two real vector bosons we recover the results of ref . || . However our expressions 
extend those results for the off-shell case. 

The decays H^'jZ and H— > 77 appear at tree-level, the corresponding form factors, Eq. ( |4"7| ) 
and Eq. (pTl), are: 



A 



BSM 



2nM w tan9 w 
a 



' BSM 



fw Jb , 
A 2 A 2 



/SB . fl 2 fwW a 

sin W rrr- cos 6 1 



x A 2 w A 2 
87rAf^-sin^ /7bb , fww\ 



w 



a 



A 2 



+ 



A 2 



(85) 



(86) 



With these variables it is possible to compute the various Higgs decay widths, including the 
interference of the new terms with the Standard Model, and allowing for decays to virtual 
gauge bosons. 

In this model the Branching Ratios to 77 and jZ increase and these decays may become 
dominant for some region of parameters. For H^WW and H^-ZZ the new contributions 
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Figure 8: Higgs Width and Branching Ratios as a function of its mass 

may interfere constructively or destructively with the Standard Model terms. In Fig. (|8|) 
the width and branching ratios of the Higgs as a function of its mass are displayed for the 
Standard Model and with the new contributions where all the non-zero /, are assumed equal 
and fi/A 2 = 100 TeV~ 2 . 

The variation of the total width and branching ratios with //A 2 is shown in Fig. (||), for a 
Higgs boson mass of 150 GeV. In Fig. (|T0|) all fi except the ones contributing directly to the 
H decay to 77 are set to 0. The variation with /bs/A 2 and fww/A 2 is displayed for two 
different masses: 85 GeV and 150 GeV. 



7 Discussion 

In this paper we derive the complete set of formulas for the decay widths of the Higgs boson 
in vector bosons. The formulas are valid both for the Standard Model (SM) and for any 
arbitrary extension. For the case of the decay into the W ± and Z° the formulas are also valid 
for off-shell decays. This is important for Higgs boson masses close to the threshold of the 
production of one or two real vector bosons. As many of these results have appeared before 
in the literature |5], [7|, || |9], 10], sometimes for particular cases, we will now comment on 
the comparison of our results with those. 

For the on-shell decay H — > VV our final expression Eq. ([12]), is in agreement with 
ref. [10]. There is a factor 2 difference with respect to ref. |§. For the off-shell decay 



H — > VV* our final expression, Eq. fl34|) in agreement with ref. JTIJ. We are also in agreement 



18 



-200 -150 -100 -50 50 100 150 200 

f / A 2 (TeV 2 ) 




Figure 9: Higgs width as a function of //A 2 
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with Eq. (6) of ref. || in the zero width limit. Eqs. (9-10) of ref. are also consistent with 
our results and in agreement with ref. ||. For the off-shell decay H — > our result, 

Eq. (f44|) , is in agreement with ref. [l(J except for the factor 8y. For the on-shell decay 
H — > 77 we are in agreement with refs. H, |8[], while for the on-shell decay H — > 7Z we agree 
with ref. § but have a factor of two difference with respect to ref. ||. The formulas for the 
off-shell decays H — > 77* and H — > 7Z* are either new, or in agreement with refs. |12|, [13]. 

As our main contribution is to extend the formulas for an arbitrary extension of the 
SM, including off-shell decays we studied, as an example, the case of the gauge-invariant 
effective Lagrangian models of ref. 0, ||. Our expressions reproduce the results of ref. [|[ 
for the on-shell decays and extend them for the region of the Higgs boson mass close to 
the two W's threshold where the off-shell decays have to be considered. This region is 
important for the studies done at the Tevatron and at LEPII where these models have been 



considered (Tg, [17j • 
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Appendix A: Standard Model Feynman Rules 



Because of the interference terms between the Standard Model (SM) and possible extensions, 
it is important that we state our conventions for the SM. We follow the conventions of ref. ||. 



These differ in some signs from the conventions used in refs. |12], [0| . For the convenience of 
the reader we collect the most important Feynman rules here. 




igM w g^ 




i gM z g^ 



(87) 






g lxv {P2 - P3 y + g vp {vz - pi)" + g m (pi - P2) 



(90) 



for V = A, Z with = e, gz = g cos 9w and 



g{ 



1 



T( - Q f sin 2 6 W ; g f A 



J 3 



(91) 



where Qf is the charge of fermion / in units of |e|. 
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Appendix B: The J\ and J 2 functions 



The explicit expressions for the functions J\ and J 2 introduced in Section [3], are [12, 
J x {q\Ml,Ml) = -M^C (q 2 ,0,M 2 H ,M 2 x ,M 2 x ,M 2 x ) 



J 2 (q 2 ,M 2 H ,M 2 x ) 



1 M 2 X 



2q 



2 ~M 2 H 



Q 



1 + 2M 2 X C (q 2 , 0, M 2 H , M 2 X , M x , M 2 X ) 



(B (q 2 , M 2 X , M 2 X ) - B (M 2 H , M x , M 



„2 !\,f2 V U V^ ' A 5 A 7 5 A > A / y 

(92) 

y 1V1 H 

where B and Co are the Passarino-Veltman functions |TJJ and M x is the mass of the particle 
in the loop. These functions are related to the functions I\ and I 2 of ref. || by the following 
relations 



J x {q 2 ,M 2 u ,M 2 x , 
J 2 (q 2 ,M 2 H ,M 2 x ] 



h(r x , A x ) 
^ h(rx,Xx) 



with 



AM 2 - 



A 



x 



AM 2 X 
q 2 



(93) 



(94) 



With these relations it is easy to verify that Eq. (^) is in agreement with Eq. (2.22) of 
ref. §. To verify the equivalence of Eq. fl69"l) with Eqs. (2.16) and (2.17) of ref. || for the 
on-shell decay H — > 77 one has to note that 



J 2 (0,M 2 H ,M_ 



h(r x ,oo 
1 



f{rx) 



x, 



h(r x , 00) =-TlL + lff( Tx ) 



(95) 



where /(r) is defined in Eq. (2.19) of ref. ||. Then we get for the W contribution 



4J 1 (0,Mf,M^) + 6 
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M 2 



H 



M 2 W , 



J 2 (0,M 2 H ,M^) 



16 J!(0, Mff, M&) - 24 + — J 2 (0, Mff, 



= 2 + 3r w + 3t w (2 - r w ) f(r w ) 
and for a fermion of charge Qf 



(96) 



4Q^ 



Jx(0, M|, M 2 W ) + 4 J 2 (0, M|, M 2 W ) 



Q) -2r f f(r f )-2r f + 2r 2 f f(r f ) 



2Tfll + {l-Tf)f(Tf) 



(97) 



in agreement with Eq. (2.17) of ref. M. 
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